A new mathematical procedure was developed to correlate g (the difference between the retort and the coldest point temperatures in canned food at the end of the heating process), fh/U (the ratio of the heating rate index to the sterilizing value), z (the temperature change required for the thermal destruction curve to traverse one log cycle) and Jcc (the cooling lag factor). These are the four heat penetration parameters of 57 Stumbo's tables (18,513 datasets) in canned food. The quantities fh/U, z and Jcc are input variables to determine the g values, which is used in Ball's formula to calculate the heating process time B at constant retort temperature. The new procedure was based on three equations; the first was obtained by the inversion of the function that expresses the process lethality, F, and hence the fh/U parameter. However, the inversion was possible for a sub-domain of the function. The inverse function The results obtained by applying the mathematical procedure of this work, namely the g values using the three equations and the process time B using Ball's formula, closely followed the process time calculated from tabulated Stumbo's g values (root mean square of absolute errors RMS=0.393 min, average absolute error=0.259 min with a standard deviation SD=0.296 min). The high accuracy and simplicity of the procedure proposed here, make it useful in the deve-
Introduction
The canned food has a nutritional value similar to that of fresh or frozen food [1] , provided that the thermal process (for example, sterilization) is preliminarily calculated in order to obtain maximum food safety with minimal damage to the organoleptic quality and nutritional value [2] . After Bigelow [3] found the two mathematical laws of the influence of temperature and time on the destruction of a microbial population, it was seen that the same laws could mathematically describe the alteration of the constituents (enzymes, proteins and vitamins) with only the foresight to assume different values of the kinetic parameters (DT and z) compared to those of microbial thermal death. Consequently it is preferable to speak generically of thermal processes and not of simple sterilization. However, for the canned food, the two previous laws Bigelow on microbial destruction or alteration of the constituents, are insufficient for modeling and subsequent calculating the thermal processes. In fact, it is necessary to consider also the mathematical law that describes the penetration of the heat in the mass of canned food. The first method, known as general method, was proposed by Bigelow [3] . This graphical method combined the two laws on microbial destruction with the experimental heat penetration curve, to calculate the optimum time (B) that allowed the attainment of a given sterilization. In later times, various authors [4, 5, 6, 7, and 8] proposed contributions for the improvement of the general method. However, the general methods, although very accurate, propose an approach by "trial and error" that is not suited to the fast solution of the design problem. These difficulties led Ball [9] to the proposal of a method based on the use of some equations representing the curves of heat penetration. The method of Ball, known as the formula method, initially restricted to certain values of the parameters of thermal death, was first improved [10] and then greatly expanded by Stumbo [11] to cover the whole range of values of these parameters. Even if additional formula methods were proposed [12 and 13] , Smith and Tung [14] established, by means of a comparative evaluation, that the method of Ball with the use of 57 Stumbo's tables gave the most accurate estimations in all the different conditions of food thermal processes.
Therefore it is clear that, among the formula methods, the Ball-Stumbo is the most accurate, namely that calculates the heating time ensuring the desired microbial lethality, but preserving the organoleptic and nutritional qualities. However, it involve the consultation of 57 Stumbo's tables with 18,513 datasets, and then it shows serious difficulties on its computerization that is necessary to make quick and automated the canned food thermal processes calculations. To solve this problem, over the past three decades, several mathematical models based on heat transfer were proposed [15, 16, 17, 18] , but in recent years, for a better solution, it was also followed the path of mathematical modeling by computational thermo-fluid dynamics. The consequent use of CFD methods proved to be a valuable tool to ensure food safety and nutritional quality [19, 20, 21, 22 and 23] . The dawn side of most of these numerical approaches is the need of high computing power and in any case very long calculation times [24] . In addition, their use requires some experience in the use of CFD (right choice of mesh, etc.) and the precise knowledge of multiple input data related to the food product and system, such as the heat transfer coefficient of the heating and cooling medium, thermal diffusivity of the food product, can shape and dimensions and processing conditions. One exception among these numerical methods is the work of Teixeira, et al. [25] , which requires only the heating rate and heating lag factors from heat penetration tests as input variables. Also in recent years, in parallel and alternatively, it was proposed the use of artificial neural networks (ANNs) [24, 26 and 27] . They consist in the sequential solution of a high number of algebraic equations connected to an information processing system (black box) that learns from 18,513 Stumbo's datasets. In a previous work [28] , the 57 Stumbo's tables, which forms the basis for the application of the modern formula method, were transformed into a mathematical model, easy to handle and to computerize for the solution of check problem, i.e. the verification of the attainment of desired microbial lethality F. Computerization was performed using an analytical approach based on a modified and expanded Ball's model, comprising ten equations, converging to Stumbo's datasets, to predict, in check problem, the lethality value F, and hence the fh/U ratio, for a given g value. Nevertheless, the system of ten equations was implicit in the g value which is necessary to solve the design problem. Therefore the g value could be only calculated in numerical form, for example using a spreadsheet by putting the fh/U value into the equations system and searching for the corresponding g value that ensures the validity of the ten equations. Recall that the g value is necessary to compute directly the thermal process time B with Ball's formula, as it will be seen later, if the process lethality F is known a priori (design problem). As a result of these difficulties, due to the lack of an analytical approach that provides direct g values, it is necessary to seek a new mathematical solution. This new solution would enable easier development of the software to automate the calculation of the thermal process. Therefore, the overall objective of this paper was to redefine the mathematical problem of food process thermal design and then to develop a new mathematical procedure, with the solution converging to Stumbo's 
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Dario Friso datasets and predicting the g value for a given fh/U value.
The mathematical problem
For various microorganisms, the experimental values of the number of decimal reductions, n, necessary to achieve desirable sterilization are known,
where N is the number of viable microorganisms at time t (min), and N0 corresponds to the initial number at time t0 = 0. Therefore, the total heating time (min) at a constant reference temperature (equal to 121.1°C), which is known as the process lethality, is defined by the symbol Fo and is simply calculated by:
where n, the number of decimal reductions, and D121.1 , the decimal reduction time at reference temperature 121.1°C, are experimentally known as function of the residual microbial population and respectively of the target microorganism. Therefore, the process lethality F also becomes known through the equation (1). When z=10°C, and the temperature is equal to reference temperature,121.1°C, the process lethality is indicated by the F0 symbol [10] . During sterilization and, more generally during thermal treatments (for example cooking, pasteurisation etc..) the temperature inside the canned food slowly increases over the heating time and then slowly decreases as well over the subsequent cooling time (Fig. 1 ).
Often it can also occur variability of temperature in the interior space between the various points of the canned food. For the purposes of achieving the desired sterility, the spatial variability of temperature is not a problem because it is enough to consider the situation more restrictive, i.e. the temperature over the time of the coldest point in the canned food. The change in temperature T vs. time t in the coldest point of the canned food produces a change in the decimal reduction time, now called
Consequently the process lethality F is now obtained as follows [28] :
In this integral equation, F is known from equation (1), and the time t = B of heating of the canned food is unknown. This is the design problem. The solution of the integral (2), which must be done for both the heating and cooling phase, requires the relationship between the coldest point temperature and the time. This relationship is also called temperature-time history or heat penetration curves.
To obtain the temperature-time relationship, Ball [9] considered that, after a possible initial lag period, the difference of temperature between the retort and coldest point of the can   R T T  had an exponential decay with respect to time t:
where TR (°C) is the retort temperature, T0 (°C) is the initial food temperature, Jch is the heating rate lag factor at the can center (coldest point), and fh(min) is the heating rate index (the heating time required for the log temperature vs. time plot to traverse one log cycle). From equation (3), as did Ball and Olson [10] and Stumbo [11] , it is now possible to obtain the heating process time t = B (min) ( fig.  1 ) at a constant retort temperature TR:
where
is the difference between the retort temperature and coldest point temperature Tg(°C) at the end of the heating process (figure 1). Equation (4), called Ball's formula, requires preliminary experiments to evaluate the factor Jch and the index fh.
The heating lag factor Jch may assume different values (range of values close 1 to 2), depending on the rheological and thermal properties of the canned food. When the retort temperature TR is different from the conventional 121.1°C, often is preferable an higher temperature, also for improving exergetic efficiency [29] , the time required to accomplish a heat process of some given F value is defined as the sterilizing value U:
As indicated by Stoforos [30] , in the design problem of a thermal process, it is required the prediction of process time B to obtain a required lethality (F or U). This involves the experimental determination of the parameters of the heating and cooling curves (fh, Jch, fc, Jcc), the calculation of fh/U and the determination of the g-value, using the appropriate tables initially created by Ball [9 and 10] and then expanded by Stumbo [11] as it will be seen below. Then, using equation (4), it is possible to calculate B. food during the entire thermal process from a first heating period to a second cooling period.
As was noted previously, the semi-analytical methods of the formula are based on the integration of equation (2). Thus, it needs to define the temperature-time relationship.
In the heating phase, beginning from the time when the retort temperature is considered constant, introducing the temperature T, obtained by equation (3), in to equation (2) 
where the function Ei is called the Exponential integral and Fh is the lethality during the heating phase. The lower limit of integration, that Ball and Olson [10] imposed equal to 44.4°C, is the initial temperature difference of the heating process. It assures to take into account all the contributions to the lethality of the temperature-time values.
When z is lower than 15°C (26°F), then and it is possible to simplify the equation (6), with no significant error:
However, recalling equation (5), under the condition 15 

zC and during the heating phase, the sterilizing value can be written as follows:
In the cooling phase ( fig. 1 equal to 1.41, and, therefore, the presence of a cooling lag. It is then possible to mathematically represent the cooling temperature-time history using an equation similar to the function (3) only with a lag behind the introduction of cold water into the retort at the temperature Tw. During this lag, Ball [9] represented the cooling temperature-time history by a hyperbola. However, the hyperbolic function fits the experimental data only for z between 3.3° and 15°C (6°-26°F) and Jcc=1.41. Ultimately, by introducing first the hyperbolic function of cooling and then the exponential function of cooling in equation (2) 
is the influence of the g value, z value and the temperature Tw of cold water used in the retort during cooling. Ball considered the temperature Tw constant and equal to 21.1°C (70°F). In addition the cooling rate index  ch ff is considered a valid assumption as it was later verified by Stumbo [11] . The sterilizing value during the cooling phase is then:
Adding Uh and Uc, it provides the sterilizing value U of the entire thermal process:
For each value of z, equation (11)  . Recall that Stumbo developed the integration to obtain the sterilizing values U, using the general method and that the U values obtained were the sterilizing values of the entire thermal process, accounting for the lethal heat during both heating and cooling. Therefore, the g values from 57 Stumbo's tables, to be used in Ball's formula (4), accounts for lethal heat values of both heating and cooling. Finally, Stumbo produced a very important work that greatly expanded the applicability of Ball's formula method. The method became able to determine, with equation (4), the process time B for any kind of thermal process (z value) and for any canned food (Jcc value). However, the method remained limited due to the lack of ability to automate it. Rather, Stumbo has expanded this problem because the Ball's table has turned into 57 Stumbo's tables representing the function:
Proposal of a solution method
The problem of the impossibility of automation of Ball's formula method, i.e., computer-based application of formula (4) Using a previous mathematical model [28] , it was possible to note that when g→1.2·10 . However, when g→1.2·10 -3 and x→0, the above series converges on the following function:
from which, by combining with equation (14), the inverse function for any given value of Jcc can easily be obtained:
The g values that are obtained from equation (17) 
After the product of two polynomials was carried out, the products of the coefficients p, q, r, P, Q and R were obtained ( (20) Equation (20) 
Results and discussion

Calculation of g
The method proposed in this work, made of the previous three equations (18), (19) and (20) These results are better with respect to the previous mathematical model [28] , where the following values were found: a determination coefficient R 2 =0.9990, a mean relative error MRE=2.67±2.69% and a mean absolute error MAE=0.16°±0.20°C (0.29°±0.36°F). Recall that the previous mathematical model [28] , made of ten equations, was implicit in the g value which is necessary to solve the design problem. Therefore the g value was only calculated in numerical form, for example using a spreadsheet by putting the fh/U value into the equations system and searching for the corresponding g value that ensures the validity of the ten equations.
Mathematical procedure validation
Ball's formula (equation 3) was used to calculate the thermal process time B for various heating conditions. For comparison purposes, these conditions correspond to those imposed by Sablani and Shayya [26] : The comparison between the process time B, calculated using g values of this work, and g values from Stumbo's tables, is shown in Fig. 3 . Table 3 , last row, shows the corresponding comparison indices, such as the root mean square of deviations RMS equal to 0.393 min, the average absolute error equal to 0.259 min and the standard deviation SD equal to 0.296 min. Table 3 also shows that, the same comparison indices, obtained with the previous mathematical model [28] and, respectively, with the neural networks models [26 and 27] , are higher, confirming the best fitting of Stumbo's datasets by the method presented in this work. All of these comparisons were significant at the 95% confidence level. Comparison of the process time B calculated using g values from Stumbo's tables [11] and the semi-analytical method proposed in this work. 
Conclusions
The Ball's formula method, in its most complete version, requires the consultation of 57 Stumbo's tables for the check problem as well as for the design problem of food thermal processes. In a previous work [28] it was proposed a mathematical model comprising ten equations to be solved sequentially, especially for the fast solution of the check problem on the microbial lethality achieved from a given process time as an alternative to the consultation of the 57 Stumbo's tables. In this work was instead developed a mathematical procedure for the solution of the design problem, that is determining the process time needed to achieve a specified microbial lethality. This was done with the use of a rapid and computerized calculation of the g value, for a given fh/U value, and then used to determinate the thermal process time B by the Ball's formula. This mathematical procedure, which consists of only three equations (18, 19 and 20) , eliminates the consultation of 57 Stumbo's tables, both manual as well as through the computerized storage and interpolation of 18,513 Stumbo's datasets. Equation (20) is based on the inversion of the function that expresses the process lethality obtained from a previous mathematical model [28] , as an extension of the work of Ball. However, the inversion was possible for a sub-domain of the function. The inverse function  
,,  h cc g g f U z J was then extended to the entire domain using polynomials in equations (18) and (19) and obtained with articulated multiple regressions starting from Stumbo's datasets [11] . The results obtained by applying the mathematical procedure of this work, namely the g values using the three equations (18, 19 and 20) and the process time B using Ball's formula, closely followed the process time calculated from tabulated Stumbo's g values. The high simplicity and accuracy of the procedure proposed here, better than ANNs models [26 and 27] and than previous mathematical model [28] , make it useful in the development of algorithms for calculating and controlling, using computer, of food thermal processes.
